Abstract. We renormalize the six dimensional cubic theory with an O(N ) × O(m) symmetry at three loops in the modified minimal subtraction (MS) scheme. The theory lies in the same universality class as the four dimensional Landau-Ginzburg-Wilson model. As a check we show that the critical exponents derived from the three loop renormalization group functions at the Wilson-Fisher fixed point are in agreement with the large N d-dimensional critical exponents of the underlying universal theory. Having established this connection we analyse the fixed point structure of the perturbative renormalization group functions to estimate the location of the conformal window of the O(N ) × O(2) model.
1 Introduction.
Scalar quantum field theories have been the subject of intense interest in recent years in the context of trying to develop our understanding of conformal field theories in dimensions greater than two using established concepts, [1, 2, 3, 4, 5, 6, 7] , in a modern application, [8, 9, 10, 11] . One of the main aspects of this activity is in finding the conformal window of a theory where there are non-trivial fixed points of the β-function. In this window one in principle has a theory where ideas for extending Zamolodchikov's c-theorem, [12] , to higher dimensions can be explored, for example, as well as other properties of strictly two dimensional conformal field theories. One of the first examples of a quantum field theory with a conformal window was that deriving from the Banks-Zaks fixed point in Quantum Chromodynamics (QCD), [13, 14] . For a range of the number of quark flavours, N f , there is a non-trivial fixed point at a non-zero value of the strong coupling constant. This is established from two loop perturbation theory and the upper bound of the window follows from the one loop term. However, the lower bound has not been unambiguously resolved partly because near this lower end the value of the critical coupling constant is not small and the perturbative approximation appears to break down. Non-perturbative lattice studies have yet to provide definitive data which determine the location of the lower bound precisely. Until relatively recently these two methods of perturbative analysis of β-functions and lattice studies of the breakdown of the chiral limit were generally the main techniques to access conformal windows of a theory. A third approach was developed several years ago which falls under the banner of the conformal bootstrap technique, [8, 9, 10, 11] . It is a numerical analysis of the operator content of a scalar field theory and exploits the decoupling of operators from the spectrum in the limit to a fixed point. This allows one to obtain accurate values for scaling dimensions, [10] . To date one main application has been to study scalar field theories across different spacetime dimensions. Recent examples include trying to find the conformal window for O(N ) scalar φ 3 theory in five dimensions, [15, 16, 17, 18, 19] . Originally Ma found that the conformal window was located at N = 1038, [20] , in strictly six dimensions but the higher order terms in the ǫ in d = 6 − 2ǫ dimensions were computed to three, [21] , and four, [22] , loops. Using summation techniques the bound in five dimensions was reduced but not to the low values indicated by, for example, conformal bootstrap analyses, [17] . While such agreement between techniques is yet to be resolved for other quantities in the conformal window, such as estimates of critical exponents, there is very strong overlap in the values which suggest these complementary methods do provide a solid insight into the properties of these scalar quantum field theories.
One upshot of the reopening of studies in higher dimensional theories has been that higher order perturbative results have been computed beyond a few loops. For instance, the three loop result of [23, 24] from thirty years ago for six dimensional φ 3 theory were only extended to four loops recently, [22] . Equally the five loop renormalization group function of four dimensional φ 4 theory from the mid-1990's have now been extended to six loops in [25, 26] and to seven loops for the field anomalous dimension, [27] . Given the interest in the conformal bootstrap and its potential application to non-scalar theories or to scalar theories with symmetry other than O(N ) it is worthwhile providing higher loop perturbative results to complement recent, [28] , and future bootstrap studies in various dimensions. Therefore the aim of this article is to renormalize the six dimensional extension of the Landau-Wilson-Ginzburg (LGW) model to three loops. In effect this is a φ 3 type theory but endowed with an O(N ) × O(m) symmetry. It has applications in condensed matter problems such as randomly dilute spin models, [29, 30] . A conformal bootstrap analysis has recently been provided from the conformal bootstrap technology, [28] , and one aim is to provide data to complement similar bootstrap analyses in the future. In addition analysis for the O(4) × O(2) theory, which describes the chiral phase transition in two flavour QCD, has been discussed in [31] . A second motivation is to continue exploring the tower of theories across the dimensions which are in the same universality class at the Wilson-Fisher fixed point, [32] . The LGW model with an O(N ) × O(m) is a new example to continue this investigation which we will carry out in depth here. The extension of the four dimensional O(N ) × O(m) symmetric theory of [30] to six dimensions is termed the ultraviolet completion of the theory. Once a theory has been constructed in a fixed dimension with the same symmetries as its lower dimensional counterpart the ǫ expansion of the critical exponents at the fixed point can be used to access non-perturbative fixed point properties in the lower dimensional partner. This ultraviolet-infrared connection was recognized earlier in [33, 34] but its power is being exploited in present analyses. To connect theories across dimensions requires a technique beyond perturbation theory since coupling constants become dimensionful outside their critical dimension. The interpolating expansion parameter has to be dimensionless and in the context of theories with an O(N ) symmetry the parameter is 1/N where N is regarded as large. Earlier work by Vasil'ev's group, [35, 36, 37] , provided critical exponents to three orders in 1/N for the universal theory in d-dimensions with an O(N ) symmetry. In such exponents the origin of the d dependence is not from dimensional regularization. Rather large N Feynman integrals within the formalism of [35, 36, 37] are computed with analytic regularization. So the d dependence in the exponents is a true reflection of the properties and structure of the universal theory in any dimension. Indeed any perturbative expansion of a critically evaluated renormalization group function in the large N expansion agrees with the exponents of [35, 36, 37] . For the O(N ) × O(m) extension this is also the case due to the computations of [38] in the large N expansion and explicit four dimensional perturbation theory, [39, 40, 41, 42, 43, 44, 45] . Moreover, such a check will also be important in establishing the correctness of our three loop MS results for the six dimensional theory in the same universality class prior to analysing the renormalization group functions at criticality for a variety of values of N and m. We will do this both in the fixed dimension of six as well as within the ǫ expansion. Moreover, we will draw similar conclusions to others, [28] , where finding the specific location of the conformal window is not straightforward.
The paper is organized as follows. We construct the six dimensional version of the theory with an O(N ) × O(m) symmetry which is in the same universality class as the four dimensional Landau-Ginzburg-Wilson model in section 2. The necessary large N analysis which will allow us to confirm this is also reviewed in that section. The main three loop renormalization group functions are given in section 3 together with a summary of the technology required to determine them. From these results we derive the large N critical exponents in section 4 in order to compare with known O(1/N 2 ) exponents. Having verified agreement with known results we discuss the search for a conformal window in section 5. A detailed fixed point analysis at three loops for a variety of values of N in provided in section 6. Concluding observations are given in section 7. Two appendices are provided. The first gives the remaining renormalization group functions which were not displayed in the main text for space reasons including the mass mixing matrix. While the other appendix provides the full spectrum of fixed points for N = 1000 as a complete example of the rich structure of this model.
Background.
As we will be considering the six dimensional model with O(N ) × O(m) symmetry which is in the same universality class as the four dimensional theory with the same symmetry we begin by recalling the relevant aspects of the latter theory. In this case the Lagrangian involves a quartic interaction for a scalar field φ ia where 1 ≤ i ≤ N and 1 ≤ a ≤ m. Consequently the Lagrangian is, [38] ,
whereḡ i are the couplings of the respective interactions. This version of the Landau-GinzburgWilson theory is not the most useful for developing the large N expansion or indeed for seeing the connection with lower and higher dimensional theories. Instead it is better to reformulate L (4) in terms of cubic interactions by introducing a set of auxiliary fieldsσ andT ab where the latter is antisymmetric and traceless in its O(m) indices. Then L (4) becomes, [38] ,
where we have introducedg 1 =ḡ 1 + (m−1)g 2 /m andḡ 2 =g 2 , [29, 30] . Here the coupling constants appear within the quadratic part of the Lagrangian which is the first step in constructing the critical exponents using the large N methods of [35, 36] . However, for perturbative computations it is more appropriate for the couplings to appear with the actual interactions. So using a simple rescaling L (4) becomes
In this formulation one can build the equivalent six dimensional theory based on the dimensionalities of the fields and ensuring that the Lagrangian is renormalizable. In d-dimensions the φ ia field has dimensions (
while σ and T ab are both dimension 2. Clearly (2.3) is renormalizable in four dimensions. The key to constructing the six dimensional extension is the retention of the two basic interactions of φ ia with the auxiliary fields. This means that the dimensionalities of all three fields are preserved at the connecting Wilson-Fisher fixed point in d-dimensions. However, the equivalent Lagrangian in six dimensions, L (6) , has to have dimension 6 in order to retain a dimensionless action. Therefore the auxiliary field sector of (2.3) has to be replaced. This leads to
as the ultraviolet completion which is renormalizable in six dimensions and which should be equivalent to (2.3) in four dimensions at the Wilson-Fisher fixed point. As in previous extensions there are more interactions but also the σ and T ab fields now cease being auxiliary fields and become propagating with fundamental propagators. The additional interactions which depend solely on σ and T ab are referred to as spectators since they are only present in the critical dimension. The interactions with couplings g 1 and g 3 are the core ones which are present at the Wilson-Fisher fixed point through all the dimensions. They seed the universal theory in the sense that they determine the canonical dimensions of the fields. Thereby they induce the structure of the spectator interactions in each critical dimension by requiring renormalizability. Although our focus is primarily in relation to critical theories one could include masses for the three basic fields which would produce
where m i are the masses. Similar terms can be added to L (4) .
To appreciate properties of these scalar models with an O(N ) × O(m) symmetry we recall relevant properties of the β-functions of (2.3) which have been computed to several loops orders, [38, 35] . Although for the present purposes it is sufficient to quote the results to two loops which are
and
where the order symbol is understood to mean any combinations of the two coupling constants. For (2.3), [38, 35] , there are several fixed points which are the free field Gaussian fixed point, that corresponding to the Heisenberg model and two where both critical couplings are non-zero. The fixed point corresponding to the Heisenberg case corresponds toḡ 1 = 0 andḡ 2 = 0 irrespective of whether m is set to unity or not. In the case when m = 1 the parameter m always appears as a multiplier of N . For the two fixed points where both critical couplings are non-zero one is known as the chiral stable (CS) fixed point and the other as the anti-chiral unstable (AU) one. For the Heisenberg fixed point in the context of the (ḡ 1 ,ḡ 2 )-plane it is actually a saddle-point and so is unstable to perturbations in theḡ 2 direction. In the reduction to the single coupling O(N ) scalar theory the Heisenberg fixed point would be stable.
As we will be using the large N results, [38, 46] , with which to compare our six dimensional perturbative results it is worthwhile recalling some of those results as well as giving a perspective on the fixed point structure. In the large N method of [35, 36] the critical exponents such as η and ω are computed by analysing the skeleton Schwinger-Dyson equations at criticality. At that point the propagators and Green's functions obey scaling law type forms where the powers are in effect the critical exponents. If one expands the exponent η, for example, in powers of 1/N where N is large,
then each term, η i , can be deduced from evaluating the relevant Feynman diagrams at each order of the 1/N expansion. While such diagrams are divergent they are analytically regularized which means that the solution for each η i and the other exponents are determined as functions of the spacetime dimension d. Therefore these exponents, to as many orders in 1/N as they can be computed, correspond to the exponents of the universal quantum field theory which underlies the Wilson-Fisher fixed point in d-dimensions. Thus when the exponents are expanded in powers of ǫ, where d = D − 2ǫ and D is the critical dimension of a specific theory, then the ǫ expansion will agree with the same expansion of the corresponding renormalization group function at the same fixed point. For theories such as (2.3) and (2.4) which are in the same universality class the large N critical exponents computed in [38, 46] reflect the three non-trivial fixed points noted above. The different solutions for the Heisenberg, AU and CS cases emerge from simple conditions which are best seen in the Lagrangian formulation involving the fields σ and T ab . These can be summarized by the vector (σ, T ab ) so that the Heisenberg fixed point is (σ, 0), AU is (0, T ab ) and CS is (σ, T ab ) where a zero entry in the vector means the corresponding field is absent at that fixed point. In other words in the large N construction the critical exponents for a particular fixed point are determined by including only those non-zero fields in the vector in the skeleton Schwinger-Dyson expansion.
If we define the scaling dimensions of the fields φ ia , σ and T ab by α, β and γ respectively then
where d = 2µ, define the respective anomalous dimensions with η corresponding to that of φ ia .
The exponents χ and χ T correspond to the respective vertex anomalous dimensions of σ and T ab with φ ia . These interactions are present in the universal theory. By contrast the spectator interactions, which involve only these two fields with themselves and not φ ia , are present in the different forms in the theory in each critical spacetime dimension D. For completeness it is worth noting the leading large N critical exponent expressions, [35, 36, 38] ,
Higher order corrections are available in [35, 36, 37, 38, 46] . For the four dimensional theory the exponents corresponding to the critical slope of the β-functions have also been determined, [46] , which also give an insight into the stability of each fixed point. With
then, [46] ,
where the ± sign corresponds to two solutions in the CS case due to the presence of the two fields σ and T ab . For the other two fixed points there is only one solution since there is in effect only one coupling constant relevant at these respective points. These large N exponents in essence appear to provide a more fundamental insight into the critical point structure of the underlying universal theory in the large N expansion. Although it is worth emphasising that these results are useful for checking explicit perturbative expressions it is the critical point structure of the O(N ) × O(m) theory for finite N which is our main focus.
In addition to the wave function and coupling constant renormalization we will also consider the renormalization of the three masses in (2.5) and determine the mixing matrix of anomalous dimensions to three loops. However, the comparison of the exponents derived from this matrix to the corresponding large N critical exponents is rather subtle which derives from the underlying operator. This is apparent in comparing the structure of the quadratic terms in σ and T ab in (2.2), (2.3) and (2.5). In four dimensions the quadratic terms are present to implement the auxiliary field formaulation of the quartic interaction. By contrast in six dimensions these fields have no auxiliary interpretation and the quadratic parts have to appear with a mass in order to have a consistent dimensionality. In terms of (2.2) the couplings g 1 and g 2 are not dimensionless away from four dimensions and can be interpreted as mass scales in higher dimensions. In other words at criticality the exponents ω at each of the three fixed points will be related to the mass anomalous dimensions of σ and T ab computed in perturbation theory using (2.4) and then evaluated at criticality. In reality it is not a direct relation since one is dealing with a mass mixing matrix. Instead one compares the appropriate exponent ω with the eigen-anomalous dimension of the mixing matrix at criticality. The situation for the mass exponent of φ ia is slightly different. In perturbation theory the three mass operators have the same canonical dimension and hence the mixing matrix is 3 × 3. In the large N expansion the canonical dimension of 1 2 φ ia φ ia differs from the other two mass operators and the critical exponent associated with the φ ia mass operator is not related to an ω exponent. Instead like in the O(N ) scalar theory the φ ia mass dimension is given by the anomalous dimension of the σ field. In other words it is proportional to the sum of η and χ.
Results.
We now turn to the derivation of the various renormalization group functions for (2.4) which builds essentially on the method developed in [22] for the O(N ) case but with a minor caveat in the computation of several β-functions. The general procedure is to use an automated Feynman diagram approach where all the graphs are generated electronically using the Qgraf package, [47] . With indices appended to this output and Feynman rules substituted, the resulting scalar integrals are integrated by applying the integration by parts algorithm developed by Laporta, [48] . This reduces all the integrals to a basic set of what is termed master integrals whose ǫ expansion is substituted at the final step. To implement the Laporta algorithm we have used the Reduze version, [49, 50] , and used the masters given in [51] . In [22] we checked that the three loop masters were consistent with the known four dimensional masters by applying the Tarasov method, [52, 53] . This is a way of relating d-dimensional Feynman integrals to (d + 2)-dimensional ones. For all the renormalization group functions we determine we use the method of [54] to implement the renormalization in an automatic way. The Feynman diagrams are all evaluated as functions of the bare parameters, such as the coupling constants, and then these are replaced by their renormalized counterparts which involved the as yet undetermined counterterms. The counterterms are then chosen to render the appropriate Green's function finite with reference to a particular scheme which throughout will be the MS scheme. All the computations we carry out could not be possible without the use of the symbolic manipulation language Form and its threaded version Tform, [55, 56] .
With the O(N ) × O(m) symmetry the Feynman rules for the propagators and vertices involving the field T ab have an associated colour tensor. In other words the T ab propagator will involve the tensor, [38] ,
which satisfies the trace properties
It also satisfies the projector relations
Equipped with this the Feynman rule for the triple T ab vertex involves the rank 6 colour tensor
for instance. Encoding these within a Form module allows the group theory evaluation of the higher loop graphs to proceed more efficiently. The procedure we used to compute the large number of Feynman diagrams for the most part follows that described in [22] to which we refer the reader for the more technical aspects and focus on the amendments we made here to renormalize (2.5) at three loops. One useful technique which was exploited in [22] was that in addition to the wave function renormalization constants, the coupling constant and mass renormalization constants could be determined by purely evaluating the 2-point functions of each field. This was because each basic scalar propagator 1/k 2 could be replaced by
where the parameters λ 1 and λ 2 tag the mass operator insertion and 3-point vertex insertion both at zero momentum. The group structure of the general cubic theory is included on the final term and k e is a fixed index corresponding to the external leg of that vertex. In performing this replacement one truncates the expansion at the linear term in λ i as this reproduces all the relevant graphs for the respective mass operator and vertex renormalizations with one nullified external leg. This expansion does not lead to any problems in six dimensions as a 1/(k 2 ) 2 propagator is infrared safe unlike in four dimensions. We have recalled this procedure partly because we have exploited it to minimize the amount of computations we need to perform. Equally because it is not fully applicable to renormalizing (2.4) since it misses out certain graphs which involve the σT ab T ab vertex. While we used it for the mass mixing matrix for (2.5) the replacement does not generate all the vertex graphs for the renormalization of the couplings g 3 and g 5 . Instead for the associated 3-point Green's functions we had to generate all the Feynman diagrams separately using Qgraf and evaluate them with one nullified external vertex. While tedious there were no major difficulties. To gauge the size of the overall renormalization which was carried out, the number of graphs we computed for each Green's function is given in Table 1 .
The results of our computations are the renormalization group functions. As we will mainly focus our analysis on the O(N ) × O(2) theory we record these, partly because of that but also due to space consideration, but note that the full O(N ) × O(m) expressions are provided in the associated data file. First, the anomalous dimensions for the three fields are 
The remaining expressions are given in Appendix A where the mixing matrix of mass anomalous dimensions is also provided. One test of the expressions we have computed is that the double and triple poles of all the underlying renormalization constants correctly emerge as predicted by the renormalization group formalism. Equally we have checked the limit back to the pure O(N ) theory where the O(m) indices are completely passive and found agreement with [21] . The final checks which we have derive from the comparison with the large N exponents which we devolve to the next section.
4 Large N analysis.
Equipped with the explicit forms of the renormalization group functions we are in a position to check them against the large N critical exponents for each of the three fixed points. In order to do this we follow the prescription introduced in [21] and define scaled coupling constants by
With these we can deduce the location of each fixed point in a large N expansion where each coefficient of the power of 1/N is a function of ǫ having set d = 6 − 2ǫ. Each of the three fixed points is defined by different field content and therefore for the Heisenberg and AU only several of the coupling constants are non-zero. From the respective β-functions we find
for the Heisenberg case which is consistent with [21] where the order symbol represents the truncation point for the two independent expansions. For AU we have 
for CS where all the couplings are active. With these particular values at each of the three fixed points we find agreement with the known large N exponents [35, 36, 37, 38, 46] out to O(ǫ 3 ). This includes the mass mixing matrix. However, the comparison with the mass dimension exponents is not straightforward since one has to compare with the anomalous dimensions of the eigenvalues of the mass mixing matrix γ ij (g k ) evaluated at each critical point. For instance, at AU the exponent ω AU + 1 is in precise agreement with the critical eigen-anomalous dimension. Equally at CS the exponents η + χ and the linear combination ω CS + 1 + ω CS − 1 are also in exact correspondence with the O(ǫ 3 ) terms of the eigen-anomalous dimensions. These nontrivial large N checks at each of the three fixed points on the three loop MS renormalization group functions provide confidence that our perturbative computation is correct.
Conformal window search.
One of our aims is to find the conformal window for (2.4). Given the nature of the renormalization group equations computed at three loops it transpires that pinning down the actual range of the conformal window is not straightforward. A similar observation was made in [28] for the four dimensional O(N ) × O(3) case using the conformal bootstrap method. For the pure O(N ) case, [21] , which has two coupling constants unlike our five here the conformal window was determined by solving the equations
where i = 1 and 2. As the generalization of these equations to five couplings is
together with the Hessian it turned out our computer resources were not sufficient to solve the complete system numerically in general. Instead we have resorted to an alternative strategy which could equally well have been applied to the pure O(N ) theory. One observation of [21, 22] in respect of the conformal window in the O(N ) case was the nature of the fixed point spectrum above and below a conformal window boundary. At leading order the main window boundary is at N cr = 1038, [20] , for O(N ). Above this value of N cr there are fixed points with real couplings. By contrast below this point there are no real fixed points. Given this distinguishing property we have solved the equations (5.2) for fixed values of N and then analysed the stability properties of the real solutions. The stability of a fixed point is determined by finding the eigenvalues of the stability matrix S at each real fixed point in turn for the chosen value of N where S is defined by
Specifically if all the eigenvalues are negative then this signifies ultraviolet (UV) stability, while if all eigenvalues are positive then that fixed point would be UV unstable and consequently infrared (IR) stable. Obtaining a mixed signature indicates that the fixed point is a saddle point. In the situation where the eigenvalues are zero, we can only conclude that the fixed point is marginal and beyond the linear approximation. We did not find any such cases for the values of N analysed. While this may appear to be a tedious process for finding the conformal window boundary it turned out to be relatively quick since one can narrow the search area by a process of sectioning.
To illustrate the process we focus for the moment on the O(N ) × O(2) theory. First, given the fact that there are more couplings in (2.4) the criteria defining the window boundary differs slightly from the properties of the O(N ) case. In order to define this we need to introduce a descriptive syntax which derives partly from the nature of the fixed points which emerge and the structure of the four dimensional O(N ) × O(m) coupling constant plane. In (2.2) there were three non-trivial fixed points designated Heisenberg, anti-chiral unstable and chiral stable and they were associated with different combinations of the fields σ and T ab that were active or not at a fixed point. Moreover with fewer couplings in four dimensions each type of fixed point had a definite stability which led to the notation AU or CS aside from the Heisenberg solution which was necessarily a saddle point. In our conformal window analysis of (2.4) we will retain our AU and CS syntax as well as Heisenberg but use it to represent the field content only. So, for instance, indicating an AU fixed point will mean that only interactions involving the T ab field are present while a CS type of fixed point will correspond to all interactions of (2.4) being active. This readjustment in syntax is necessary since, as will become clear, the fixed point structure is much richer than that of the six dimensional O(N ) φ 3 theory and (2.2). So we will refer to Heisenberg, AU and CS types of solutions. Illustrating this with the coupling vector (g 1 , g 2 , g 3 , g 4 , g 5 ) their characteristic critical coupling constant patterns respectively are (x, y, 0, 0, 0), (0, 0, z, 0, w) and (x, y, z, t, w) where we mean that x, y, z, t and w are non-zero in these patterns. For simplicity we have omitted the constant of proportionality given in (4.1). It is important to appreciate that for the Heisenberg, AU and CS patterns the actual fixed point which is present could actually be stable or unstable and not be related to the U or S of the label type. In one respect the emergence of these patterns within the perturbative context, where we are now working, should not be surprising as the fixed N analysis has to at least contain the Heisenberg, AU and CS large N solutions. With this syntax for (2.4) we can now give our criteria for the conformal window boundary. From the analysis we have carried out we regard a window boundary to be where there is a change in the number of a particular pattern of fixed point such as CS. We note that as in the O(N ) case various fixed point solutions are connected to each other via symmetries, [21] , and so we focus on a representative fixed point of each such class in the discussion. We also find a large number of fixed points with complex and purely imaginary values which may indicate non-unitarity solutions or even that a limit cycle exists. In our discussions in this and the next section we will focus only on the real solutions for the critical couplings as they lead to clear stability properties.
As a first stage to our search strategy it is best to summarize the analysis for the upper boundary we found which was N = 1105 when m = 2. For the case of N = 1106 we have three CS type fixed points. One of these is UV stable which is at The corresponding critical exponents are
The other two CS style fixed points are saddle points at In addition there are three Heisenberg fixed points, one of which is UV stable at
with critical exponents
The other two fixed points are saddle points and are located at with critical exponents
For values of N above 1106 the same pattern and number of Heisenberg, AU and CS fixed points emerge with the same stability structure. By contrast for N = 1105 a different style of solution emerges. This is first seen in the CS type of fixed points in that we have only one such fixed point which is at
More crucially it is a saddle point. In other words there is no stable CS fixed point. So given this change in pattern we regard N = 1105 as the bound for the conformal window in six dimensions. It is instructive to provide the picture for the other types of fixed points for N = 1105. There are also three Heisenberg fixed points. The UV stable one is
with critical exponents The one AU fixed point is UV stable and is located at
For N < 1105 we applied our algorithm of section searching for changes in fixed point patterns but found no further boundaries. However the structure for certain fixed values of N will be recorded later for completeness. One observation on our window analysis is that the boundary at N = 1105 is not dissimilar to the leading order value of N cr = 1038, [20] , for the O(N ) case. In [21, 22] the O(ǫ 3 ) corrections to N cr were computed and by using resummation methods a value of N cr around 400 was found for the five dimensional theory. Clearly applying our section search method cannot be readily extended beyond the leading order which is for the strictly six dimensional theory. Instead solving (5.2) simultaneously with det(S) = 0 would be the way to extract such corrections but was beyond the range of our computational tools.
We close this section by briefly discussing a different tack for gaining more insight into the conformal window problem for O(N ) × O(m). As is apparent from the O(N ) × O(2) case the change in nature of the fixed points indicates a boundary. Moreover different types of (real) solutions emerge. Therefore, for the general O(N ) × O(m) case we searched for the conformal window for the AU pattern of couplings. In other words we set x = y = t = 0 at the outset for a selection of values of m and solved (5.1). Included in this is the equation for the Hessian which allows us to determine the critical value of N defining the window boundary, which we will denote by N (m) cr for this AU pattern, without having to do a section search. To get a perspective on our results we have provided the leading order value for N (m) cr for various m in Table 2 . As m → ∞ we found that N (m) cr asymptotes to a straight line. While this is only a partial picture for the situation for m > 2 one thing is evident which is that in six dimensions when m ≥ 5 there should be a change in pattern for AU type fixed points for a fixed N search akin to that illustrated in our section based search for m = 2. This is in addition to the change in pattern for the other style of solutions. The solution given in Table 2 for m = 4 reflects that there was no solution rather than an exact value of zero. Although we have recorded 0 in the Table for that reason it does appear to be consistent with the monotonic increase in N (m) cr with m. Since we are able to solve (5.1) the three loop corrections to the leading order values in Table 2 in (5.21) other solutions were found for each m. In [21, 22] there were three solutions but the small N (m) cr solutions were discarded because they were negative or had complex critical couplings. We have followed the same reasoning here. The negative values for N 6 Fixed point analysis.
In this section we present a fixed point analysis for a variety of specific values of N . This includes the determination of those fixed points which are stable or otherwise, in order to give a flavour of the fixed point spectrum away from N = 1105. In addition we will indicate the potential for another conformal window boundary for non-CS type fixed points. While we focus on a selection of values of N for a reader interested in exploring the solution space further the complete set of renormalization group functions for arbitrary m can be analysed which are available in the attached data file. We will begin by looking at N = 1000 and then proceed to lower values of N . For N = 1000 we have one CS fixed type point as expected which is a saddle point
We also have three Heisenberg fixed points, one of which is UV stable at
with the critical exponents
The other two fixed points
are saddle points. Again we also have one AU fixed point which is UV stable which is located at
giving the critical exponents
To illustrate the full spectrum of fixed points for a particular value of N we have provided the remaining fixed points for N = 1000 in Appendix B. In addition to other real solutions which do not fit the Heisenberg, AU or CS pattern we record the complex solutions for completeness there.
Next examining the value of N = 600 in order to illustrate a change in the fixed point pattern, we have one CS saddle point solution at
In addition there are three Heisenberg fixed points with the one at
being UV stable giving
while the other two fixed points are saddle points at
There is also have one AU fixed point which is UV stable at
with exponents
We have recorded this spectrum to contrast it with that for N = 519. So for this value we then have one CS fixed point which is a saddle point at
However, by contrast, we have one Heisenberg fixed point which is a saddle point at
In addition there is one UV stable AU type fixed point at
giving critical exponents
So between N = 519 and N = 600 the behaviour of a Heisenberg type fixed point changes. This seems to indicate that a conformal window type region exists with respect to the Heisenberg structure and thus there is a new window between 519 and 600. However, its actual location is not of major significance in the context of (2.4) as this in effect corresponds to the original Heisenberg model with no T ab field.
The final case we consider in detail in our excursion through fixed values of N is N = 2. It is of potential interest since for this value in a variety of models a supersymmetric solution emerged, [21, 58, 59] . We have three CS fixed points all of which are saddle points at
The value for the coupling w has not been provided with the others as a novel feature emerged for this set. It transpired that there were three fixed points with the same x, y, z and t values but differing only in the w value. Therefore, we note these values separately as
There was one Heisenberg fixed point, which is a saddle point
In addition we found one AU fixed point which is UV stable
One property of the emergent supersymmetric solutions found in earlier work, [21, 58, 59] , was that critical couplings were equivalent. For this AU solution a different feature is apparent which is that the exponents of φ ia and T ab are equal.
7 Discussion.
We have provided a comprehensive three loop analysis of the extension of the four dimensional Landau-Ginzburg-Wilson O(N ) × O(m) symmetric theory to six dimensions. One aspect of our study was to investigate the ultraviolet completion beyond four dimensions. The main interest previously had been in O(N ) symmetric theories and our extension (2.4) fits in with the vision of how to proceed. Briefly this requires a common interaction which seeds the theories in various even dimensions along the thread of Wilson-Fisher fixed points in d-dimensions. Each fixed dimension Lagrangian is required to be renormalizable in its critical dimension which requires the addition of matter field independent extra interactions. With the increase in dimension the number of these so-called spectator interactions increases. For (2.4) overall there are five interactions each with its own coupling. One reassuring aspect of our computations is the verification that the three loop renormalization group functions are consistent with the large N critical exponents of [38] . These exponents are determined in the underlying universal theory and as 1/N is a dimensionless coupling constant it transcends a specific dimension. In other words the exponents contain information on the respective renormalization group functions in all the theories connected via the Wilson-Fisher fixed point thread. Indeed verifying that our three loop perturbative results were consistent with the results of [38] was an important check.
One consequence of the larger number of coupling constants is a richer spectrum of fixed points for specific values of N and m. While our analysis of this concentrated on m = 2 we do not expect that the general picture of fixed points differs conceptually for higher values of m. Instead the boundary values will be at different values of N as our AU study for various values of m illustrated. Our m = 2 analysis was similar to the O(N ) case of [21] with real and complex critical couplings with the latter corresponding to non-unitary theories. However, for real solutions we were able to isolate fixed points which had a structure in keeping with the phase plane in the four dimensional model. In other words there are Heisenberg, AU and CS type solutions which depend on which combination of σ and T ab fields are active and their stability was studied for certain values of N . One of the main areas of interest in the O(N ) and O(N ) × O(m) symmetric theories is whether there is a fixed point in the five dimensional theory and if so what is the conformal window. In [15] a bootstrap study indicated that this was not an easy exercise from the lower dimensional point of view unless one was examining AU type coupling patterns. Our investigation left us with a similar point of view. Although we were able to narrow down the leading order value of the window for CS solutions for m = 2. By contrast we were able to solve the AU set of equations and found that a window exists above m = 5. However, we have provided the full data from our renormalization group functions which can be mined for future studies for other values of m.
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A Remaining renormalization group functions.
For completeness we record the remaining β-functions for the O(N ) × O(2) theory for comparison with (3.8) as well as various other renormalization group functions. The β-functions are 
− 5184N g 
The elements of the mass mixing matrix are There were several sets where some of the fixed points were either real or imaginary in addition to one being fully complex since we found the solutions This completes the set of all CS type solutions in addition to those in section 6.
For the remaining solutions we found at least one of the critical couplings was zero. First we group those solutions where the couplings are either real or imaginary. We found Included in the first set is a complex w coupling. However, the second solution of each set are examples which are similar to pure φ 3 theory when its coupling is purely imaginary. That particular O(N ) model described the Lee-Yang edge singularity problem, [60] . Also the solutions of (B.11) correspond to the Lagrangian without a φ ia field. In the case of the only non-zero coupling y this is the pure cubic theory involving only the σ field. The remaining solutions with any complex roots all have a vanishing critical z coupling and are The remainder of the solutions are real but interesting patterns emerge in several cases. First we record the fixed points where there is no pairing with another set. There were four such cases. Of all the real solutions we record we found only the first two correspond to stable fixed points which are x = 1.011102 − 0.026162ǫ + 0. The final solution corresponds to the pure T ab theory when m = 2 but the (0, 0, 0, 0, w) structure could be analysed in isolation for arbitrary m. However, the stability of these two solutions, in contrast to the remaining real solutions which are not stable, appears to be driven by the vanishing of the couplings g 3 and g 4 . In this case there is no interaction whatsoever between the pair of fields {φ ia , σ} and T ab which is apparent from (2.4). In other words one is dealing with a partitioned Lagrangian and the coupling constant space is also partitioned. So the stability here is a reflection of the stability of the two separate Lagrangians. In the second of these two solutions the situation is effectively trivial since it reflects that one of the two Lagrangians is a free field theory which has a zero β-function. That such solutions representing the sum of independent Lagrangians emerge similar to (B.11) ought not to come as a surprise and should be regarded as an internal consistency in our analysis of solution. The remaining unpaired solutions are The final three pairings exhibit a novel feature in that in each set the critical x and t couplings are equal. This is clear since we found While our focus here was on the O(1000) × O(2) theory it represents a snapshot of the spectrum of potential solutions for the general symmetry group. What has emerged are real fixed points in addition to the Heisenberg, AU and CS type which were motivated by the four dimensional theory.
